rfgence.

dionall
Ol —> it = tlaaginal ¥ d
el gien
s pondi ook
= B P, o b
PL\{/{\ = LR = Magjjnaﬂ.
PO
Normalization Trick
P(T,W) SELECT the joint NORMALIZE the
T w P r':\rac::::ttl:i P(e,W) (make i:esll.?f::)none] P(W|T = c)
hot sun 0.4 evidence W [
hot rain 0.1 — cld sn 02 — H
cold sun 0.2 cold | rain | 0.3 rain | 0.6
cold rain 0.3

f*(u: S t\lT;Q\
= Why does this work? Sum of selection is P(evidence)! (P(T=c), here)
F(.l.‘l,r2)= P(z1,z3)

P(x3) Lz, P(z1,22)

e i

of i=¢ =< \

- P((W=sun, T=C

P(zq|zp) = e —
——

o'
L

(T=c)

) —— Marginal Probability

” = -_ },-, PIX = 2¢) \
Jl Conditional Probability
Joint Probability HY = | X = e) = 2l

X =z, Y = gy;) =

Ny (=
N L
X value is given

Given a Bayesian network, what questions might we want to ask?
+ Conditional probability query: P(x | e)
e

1
* Maximum a posteriori probablili-ty: What value of x maximizes P(x|e) ?

« General question: What’s the whole probability distribution over
variable X given evidence e — what is P(X | e)?

Dudily \dpme 1 Dt inkly for b ity

Joifv’( dis ki buhon

Uswﬂ)a e

G dokon —> exadk, expm kel Lol b

Nadiabte  elivialior —veat)

Songiny [ oy

Luuttoben

» General case:

_~~ = Evidencevariables: E1...Ep=e1...ex | x, x, X,
_ ™ Query* variable: Q i All variab!
+~ _ % Hidden variables: Hy... H,_ MALIAEHES
(v 1
* Works fine with
* Wewant:

multiple query
variables, too

P(Qley ... ex)

— Sum W pB all e hid
S (ptealisabon Z —> Sum g oM

FLQjﬁlfeaf~ @D - PLL_%’»’_,_,

* Works fine with -
We want: multiple query
variables, too
P(Qley .. .ex)

|

Step 1: Select the
entries consistent

Step 3: Normalize

1

Step 2: Sum out H to get joint
of Query and evidence

with the evidence

L

Juifmd 2 X

2 ‘-"@h VA N
e z—Z![’[_().ry k)

P(Q.ey...ep) = 2. P(Qh1...hroer...ep)
hyhy T~

‘—: /., X1.X2,... Xn

11
P(Qler---ex) = 7 P(Q.e1---¢

-
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P( blj,m)=aP( b)> , P(e)} ,P(al b,e)P(jla)P(m|a) = «-0.00059224 P&}J m) —_ ]’(b ,J,MD
P(-b|j,m) = aP(-b) ¥, P(e) 5, P(al—-b, e)P(j|a)P(m|a) = a - 0.0014919 :

= P(Bj, m) = a - (0.00059224, 0.0014919) = [normal.] ~ (0.284,0.716) Fﬁi,m) =2 =10 @_“QQ

(&) ®
(&)
o @

Plalb,e)

95

P(-alb,e)

05

P(alb,~e)
94

P(-alb,—e)

o FY( o) P( jl=a)
.r,

Pimla)

P(jla) P( jl=a)
90 05

P(mla) P(ml-a)
.70 .01

P(ml-a)
01

Repeated computation: P(jla)P(m|a) & P(j|—~a)P(m|—-a) for each value of ¢

P(+b)P(+e)P(+a +h.+¢)l'(+/+u)i'(+u"‘+”)+w Because £ and A Q Mpbwm( ;aa\?[@ Jonts 1N Swnirak
P(+b)P(+e)P(—al|+b,+e)P a)P(+m|—a 3 i
(+b) (-l-/) (—al+b, +e)P(+jl-a)P(+ )+ are unobserved cf'qk€3 o

P(4b)P(—e) P(4a|+b, —e) P(+j|4a) P(4+m|4a)+ we have to
- I J consider all cases Vams
[’(-{—I:)I'( e)P(—al|+b, —e)P(+j|—a)P(+m|—a)

Inference by Enumeration in Bayes’ Net Inference by Enyieration

Given unlimited time, inference in BNs is easy T — W
A ———— Normalization Constant

Reminder of inference by enumeration: (compufed after the fact)

Any probability of interest can be computed by summing entries from the e i

joint distribution: P(Q | €) =a 5, P(Q, h, e) P(X|e)=aP(X,e)=0 }:,\ P(X,e,y)

Entries from the joint distribution can be obtained from a BN by multiplying —_—

the corresponding conditional probabilities 2

Query Variables
- " Hidden Variables
o 0 Evidence Variables

. pwesp plsm =) e

=~ p(W=sun) = 0.3+0.1+0.1+0.15 = 065 = summer | hot sun | 030

I E W=rain) = 0.05+005+005+02 = 035 &~ T

— Sjlflo SUmimer: hot s 030 o ol summer | hot rain | 0.05
1 summer | hot rain 0.05

summer | cold sun | 0.10

-
. = P(W ter)? [
F[Wz/Sm,§=W’M summer | cold sun 0.10 (W | wirter) =025 « summer | cold | rain | 0.05

p(W=sun , winter) 0.1+0.15

= P(W=sun | S=winter)?

2 . . v e =
- p(W=rain , winter) = 006+02 = 0.25 winter | hot | sun—| 0.10~~
ﬁ‘w‘l'wb summer | cold rain | 0.05 —» P(W=sun | winter) = 025/(0.25+0.25) = 05 ; : T e
= =rai - - winter ot rain A
P winter hot sun 0.10 > P(W=rain | winter) 0.25/(0.25 + 0.25) 05 1
winter | cold sun= 0.15
winter | hot rain | 0.05 = P(W | winter, hot)? winter | cold | rain 4 0.20
pW=sun , winter, hot) = 0.1 |
winter cold sun 0.15 p(W=rain , winter, hot) = 0.05
) X " p(W=sun | winter, hot) = 0.1/(0.1+005) = 2/3
= P(W=sun | S=winter, T=hot)? winter cold rain 0.20 p(W=rain | winter, hot) = 0.05/(0.1+0.05) = 13 _,,—{
OAS
g, e 4 &r(d
p(w s, S-WITHL, o

Tt >

1)@ PElnD: pGJo) PEL

P(ADE)  —

e (0,8)

< )0 -ela)- 1610 PEL
BC

ﬂ%?%opaax 0 D“U)-ﬁ)( 1+ g =0 c= |

P(ﬂlgl&li)"@;
P& |09 =




\atioke  Gliminakion

Can we do better?

- Consider uwy + uwz + uxy + uxz + vwy* vwz + vxy +vxz
| 6 multiplies, 7 adds
Lots of repeated subexpressions!

» Rewrite as (u+v)(w+x)(y+z)
2 multiplies, 3 adds

2o P(B) P(e) P(a|B.€) P(jla) P(m]a)
= P(B)P(e)P(a|B.e)P(|a)P(ml|a) + P(B)P(—€)P(a|B,—e)P(j|a)P(m|a)

+P(B)P(e)P(—a|B.e)P(j|—a)P(m|—a) + P(B)P(—e)P(—2|B,—e)P(j|~a)P(m|—-a)

Lots of repeated subexpressions!
— e

In general, when we write P(Y, ... Y, | X, ... X))

" |tisa '?:tor,' a multi-dimensional array C ',\Q’W'ﬁv

* Its values are P(y, ...

Yoo | % o)

L

—

o R\

Inference by Enumeration: Procedural Outline

= Track objects called factors
= |nitial factors are local CPTs (one per node)

P(R) P(T|R) & P(L|T)

= EaE B ~ P(RT)
| xds [oa] [+ [a]o1]
=« Tos] [aTaToes|x

= Any known values are selected
® Eg.ifweknow], = ie. the initial factors are

P
X ¥ P‘[_r)

P(R) P(TIR)  P(+4T) -
[ To1] [t Tos] [ee e Tos]
[ Tos] e[t Jo2] aTwToa]

| wt [oa

[l -t]oa] p—

Pracedure: Join all factors, eliminate all hidden variables, normalize
—_—

e

L = P(R,'Tra
.

Variable Elimination: The basic ideas

+ Move summations inwards as far as possible i.”-’_‘}.
P(B | j,m) = aX,,P(B) Ple) Pla|B.e) P(ila) P(m|a) & ]
= @ P(B) . Ple) £,PlalBe) Pyla) P(m|a) IL *!
- Do the calculation from the inside out
i.e., sum over a first, then sum overe’

iy P(A.J)
Joint distribution: P(X,Y) A1 | troe | false
Entries P(x,y) for all x, y
ix|l|V| —— — true | 0.09 | 0.01
Sumsto 1l false | 0.045 | 0.855
——
:7\
- T}
M= X
Wil='L
Projected |omt P(xY) P(a,J) = Py(J)
OA’slice of the joint distribution A\J | true | false
Entries P(x,y) for one x, all y Py [
| Y| -element vector A - i i
§u_ms to P(x)
- \ a
Single conditional: P(Y | x) P
Entries P(y9 x) for flxed X, ally A\l |true | false
Sumisto 1 true (09| 01] .
—_—
. = A
Family of conditionals: PIA)
P(X |Y) i A\l | true |false
Multi :
ult.lple conditionals troe (RESHIIE
Entries P(x | y) for all x, y
Sumsto |Y| k false | 0.05 | 0.95 }
» o

Operation 1: Join Factors
—

First basic operation: joining factors
Combining factors:
= Just like a database join

« =B

PRA)- CCLIT) = FCRT L)

Example: Multiple Joins

(-
_
.

il f h bl P(R)
* Get all factors over the joining variable
* Build a new factor over the union of the variables 0 % JoinR P(R,T) g
o e P(TR) ; e AR ot
Example: Join on R 0 r 1+t |08 +rr &tt g:g; o—
+r| -t ]0.2 -r|-t]081 m P(R,T,L)
o P(R) X P(T|R) == P(RT) e e
+r +r |+t [0.8 +r | +t | 0.08 o L2058 o L "I g'gzg
o 091 +r| -t (0.2 +r | -t | 002 b PR ') P(L|IT) P(L|T) : :: fl o
o |+t g‘; |+t g,:i - (Tl '; +t[+1]03 +t[+1]03]* o |+t | o |0027
-r]-t]0. ] -t]0. +t] - ]07 +t] 407 o |+t | - | 0063
I p(&\'?(_"\ tl+jo1] ~—> [x[+]oa T |« |+ 0081
1o ] 1 |o. + ] 4] 4]0
@ = Computation for each entry: pointwise products ~ Vr,t :  P(r,t) = P(r) - P(t|r) e(LlT) ti-dlos tidlos L.t A0
PR
— [ www.goclassesin

Operation 2: Eliminate

—

Second basic nherarinn: marginalization

Take'a factor and sum out a variable
= Shrinks a factor to a smaller one

* Aprojection operation
—

Example: Q‘
f(f,;(;z sum R P(T) _
e = “hin”
| t]o81 ‘t,)
s P87
vo = p DT TE ke
[ Y——— = Q¢ 68+ ot Of’l‘

Operation 2: Eliminate

Multiple Elimination

TE §

&

4 | 002a)

G O,

1 +t

P(R,T,L) & Tw |0 o0 <
w e | outR _P(ND)  outT  ppy
s0f | 4 0018 +t| + [00s1) ® o
T | ot | o1 0027 > {#t] -l [o118 Y — i

% | 1 0 _3_; —t + oosz. [ Tosss]

-« | -t | # |0081 0.747

” + | -t [ 4 [0729

Thus Far: Multiple Join, M_plﬁf:ilé Eliminate (= Inference by Enumeration)

/!



Marginalizing Early (= Variable Elimination)

I Uasitab) ¢ elivnalion
(L) = g ng )= = PCRPCTIRIRCLIT M@rglnallzmg Early! (aka VE)

® o U,):? = 2 Z P(L('D ?(QP(-H*) Rﬁﬁ’)\- )[o:-r; P(R,T) sugtn Jgr; SurE’;IT
\\ — \ '__ “[ +r ]| +t]0.08]° P('l')
\ = Inference by Enumeration 'Varlahle Ellrnlnatlon 131.‘4‘ h 4l -t 0-8: »
5 L os] o | +]0.09 |y [ ot [0.17 |
a9 =33 PILINPEIPIN) =Y PIY PeIPUIN) ] PCTIR o081 Lt 083 ]
: O i e L @ PR
= o +r [ +t]0.8 @ (:: >
oin ot liminate ¢ AR TE
e r e e = (7) [itle PT, L)
P = e o t]09 (L) - 'l' e
T T +t| - |0119
1K) = P(_,_..hwh@ ® e il PUID) — Tihiemle
% F (L’ - +t +|I g; i+ ]03 +t +'| g: 2| 1| 0747
€ Kl Ll EA L) w1107 +t [0,
X | N B = 4+l foa a7 +ailoa
[ J— Jan, ) [ os s RENE]

Evidence ree Evidence

If evidence, start with factors that select that evidence
= With no evidence, these are the initial factors:

= Result will be a selected joint of query and evidence
* E.g.for P(L | +r), we would end up with:

(‘ 0\()‘
P(R) P(T|R) P(L|T) ) A0
B ERERY ERER 7 PUHRL) _  Womete eFULI+T)
v : FARETELT 4 | o Loa] O +r] +1] 0,026 | “Sai + [ 0.26 ¥
Y - | -t |09 -t .I. 049 +r| - | 0.074 b ..\.‘1“‘ 11074 é‘:—:
= For computing. P(L| 4 7), the Imlaﬂ}actors become: 1" = -G b
> P(+r) P(TJ +"i‘) P(LlT) = To get our answer, just normalize this!
+ 0.1 '+t |08 03
: RN 2 : 02 :: -| 0.7
k 10l = That's it!
S
We eliminate all vars other than query + evidence ==
General Variable Elimination T Example
\
—
o o A
Querv: P(QIBy = e1,... By = ) S5 P(Blj,m) o P(B, j,m),
Start with lnmal factors: - P(B) P(E) P(A|B,E) P(jlA)  P(m|A)
* Local CPTs (but instantiated by evidence) . kel - i = P
R —— \ "’\ ‘/ChDOSBA |
While there are still hidden varlaplqsx“ P(A|B, E) o
(e QL or s denney == P(jlA) X » P(j,m,A|B, E) rﬁ;) P(j,m|B, E)
* Picka hidden variable H,_ AN _—

—" Join all factors menq.unlhg H, P(m|A) — K
* Eliminat H
imina e‘f{"(‘“"‘l— \—P(’B) P(E) P(j,m|B, E) ‘
[

Join all* f’bmammg factors and normalize - -
———
Vi =y
4 [Py PE)  PGMEBE) |
. i Choose M
Same Example in Equations -—.;E:j' "‘
7 @ P(J.m.blﬁ') E:> PG, m|B
P(Blj,m) & P(B,j,m) . O < PGy mlB, £) o i
: 0 s\
P(B)  P(E)  PAIBE) _oPUIA)  P(miA) | e =
P(Blim) x P(Bim) & o p @ 4 ‘\\“ { P(B) P(J. m|B) ‘
— = T P(Bjmea ; marginal obtained from joint by summing out v
N
= 3 PIB)P(IPlalB,) P(s]a) P(m|a) use Bayes’ net joint distribution expression Finish with B
For QS Y —— - -y
;..%;Y‘(B)P(f-)%:11(,.\};:)4=(,\'«)3'(nn @) usex*(y+z) =xy+xz - P(B) ) .
‘.E--XF(B)F(r)ﬁ(Bm.Lm) - joining on a, and then summing out gives f, ( P(] rn|B) X P(.ﬁh e, B) m P(Blj’T
= F(ﬁ)'zﬁ(.f‘zfl(_f?:‘{-ll) use x*(y+z) =xy +xz ! e
= P(B)f2(B,j,m) joining on e, and then summing out gives f, /
?ll:c_; s loiting uwy + 'r v A=(uwﬂm:HWl)|nmmmm‘hmllnﬁml




Variable Elimination Algorithm

- Given: BN, evidence e, a query P_(lee) XC .
+ Choose an ordering on variables, e.g., Xy, ..., Xj
- Fori=1ton,IfX; & {Q,X,} e (Q
Collect factors fy, ..., fi that include Xj
Generate a new factor by eliminating X; from these factors:

9=len:=1f,ﬁ

+ Multiply all remaining factors
- Normalize P(Q, x,.) to obtain P(Q|x,)

- "
After this summation, X; is eliminated

Query: P(X3|Yy =y1,Y2 = y2,Y3 = y3) 4 (‘z,)

Start by inserting evidence, which gives the following initial factors: ﬂ"ﬂ"\‘a
p(Z)p(X412)p(X2|Z)p(X3| Z)p( /Y/
a—

1)P(y2| X2)p(ys| X3) 0

P(F VY
Eliminate X, this introduces the factor f1(Z,y) and
we are left with: o

p(Z2) fi(Z,)p Yzli/ p(X3|Z) P(}A X2)p(ys|Xs) — > e
“T—
Eliminate X3, this introduces the factor f2(Z,y2) = 3_,, p(z2|Z)p(yz|z2), and
we are left with: co — —— S l Q.
I 12 A2 0001 gho :
e pA I)M-f{ P(‘/ﬂ' S Computational complexity critically
Eliminate Z, this introduces the factor fs(y1,y2, X3) = 3. p(2) fi(z, 1) f2(2, y2)p(X3]2), depends on the largest factor being
and we are left: SITE r — generated in this process. Size of factor
p(ysl Xa), fo(wr, v2, X3) e = number of entries in .table‘. In
example above (assuming binary) all
No hidden variables left. Join the remaining factors to get: factors generated are of size 2 --—- as

Faws 2,5, X5) = P(ws| Xs) (1, v2: X). Shey QN oY fave one Variatls (5, L
e e el and X; respectively).
Normalizing over X3 gives P(X3|y1,v2,y3)- - =l \P W

N T B VA SE IR CE R DR COR

For the query P(X, |y;,...,y,) work through the following two different orderings Uf
i tis oadgd —> p(kn[4), e 0

as done in previous slide: Z, X,, ..., X,., and X,, ..., X, ,, Z. What is the size of the
2 1 6 < PElD= Soosrta) o

maximum factor generated for each of the orderings? @’mﬂw{'& Z/ x Iy Xy - Yn"
> sipe 4 1 bmqﬁa " tkes-

e

[

_an 2 d
the s ead ¥i con dake~
In general: the ordering can greatly affect efficiency. .
o \mﬁaf
: : - P[Xﬂ l Y Vaf“"%} 5 ﬂ'ui "
diirade Y- e,z in Hhis rd® Y am,ng/ b‘“ﬂ

=2 ﬁ ?@[ZB‘PGIHO _}_}{z,‘lb d lslfhbs%
X Em‘bm}db MU\:LWS

The computational and space complexity of variable elimination is
determined by the largest factor

QC L%n/q i : 5 The elimination ordering can greatly affect the size of the largest factor.

") - Jé{b‘a’) %[Z,'jn—;) = / = E.g., previous slide’s example 2" vs. 2

Does there always exist an ordering that only results in small factors?
* Nol



You're right to scrutinize that step — good eye. The key point is evidence: the Y; are
observed (we're conditioning on ¥y, . . . , Yy), SO they are instantiated before/when we run

elimination. That changes which variables appear in intermediate factors.

Make it explicit.

Factors before any elimination
For each #:
« P(X;| Z)isafactoron (X;, Z).
« P(Y; | X;) is a factor on (Y, X;), but since Y is observed to be y; we restrict this

factor to that value:
¢y (Xi) = P(Yi=u: | Xi)
so the factor becomes a function of X; only (no Y; variable remains).

So the active factors are:
- P(2)
- {P(Xi| 2)},
* {¢yi (X))}

Eliminate X (in ordering 2)

We multiply the factors that mention X;: P(X; | Z) and ¢, (X ). Both are functions of
X1 (the first also of Z). Sum out X;:

£1(2) = Y P(a1 | Z2) ¢y (@) =Y P(a1| 2) Py | z1).

Crucially: f; is a function of Z only. Y] does not remain a variable because it was
instantiated to the observed value y; before elimination. So the resulting factor's scope is
{Z} (size k, if each variable has domain size k) —not { Z, Y1 }.

The same happens for each X; withz = 1,...,n — 1: eliminating X; produces f,-(Z).

Multiply the f;(Z) and eliminate Z

After removing X1, ..., X, _1 we have factors:

P(2), P(Xy | Z), and f1(2), .., fas(Z), by (X).

Multiply the Z-only factors into one function g(Z) = P(Z) [/} f:(Z). Eliminating Z

to get a factor on X ;:
h(Xn) = ) 9(2) P(Xa | 2)-
z

This is a function of X, only (size k). All intermediate factors were either unary on Z or

unary on the X's — so the largest factor size is k.

Summary / short answer
» Your proposed f;(Z,Y;) would be correct only if ¥; were not observed.

« Butbecause Y] is observed and replaced by the constant y1, the factor P(Y; | X1)
reduces to a function of X only, and after summing out X we get a Z-only factor

f(2).

« Therefore in ordering X7, . .., Xn_1, Z the maximum factor size is k, not k% or k™.



[9 pts] For the Bayes’ net below, we are given the query P(A,E | +c). All variables have binary domains.
Assume we run variable elimination to compute the answer to this query, with the following variable elimination

ordering: B, D, G, F.

(&) (e

Complete the following description of the factors generated in this process:

After inserting evidence, we have the following factors to start out with:
D

P(A), P(B{#), P(+¢), P(D|A, B, +¢), P(E|D), P(F|D), P(G| + ¢, F)

When eliminating B we generate a new factor f; as follows:

o

/

Si(A, +¢,D) = Z P(b|A)P(D|A, b, +¢)
b

1\

"This leaves us with the factors:

P(A), P(+c), P(E|D), P(F|D), P(G| + ¢, F), fi(A,+¢,D)

When eliminating D we generate a new factor f, as follows:

fo(A,+¢,E,F) = ¥ P(E|d)P(F|d) f1(A, +¢,d)
d

This leaves us with the factors;

P(A), P(+c), P(G| + ¢, F), f2(A,+c,E, F)

When eliminating G we generate a new factor f; as follows:

fa(+4¢, F) ZI'.., ¢, F)
9

This leaves us with the factors:

P(A), P(+¢), f2(A, +¢, E, F), fs(+¢, F)

When eliminating F' we generate a new factor f; as follows:

Ji(A, +¢,E) = Z fa2(A, +¢, B, f) fa(+¢, f)
]

This leaves us with the factors:

P(A), P(+¢), f4(A, +¢, E)

(b) [2 pts] Write a formula to compute P(A, E | +¢) from the remaining factors.

P(AE | +¢) = el ptolioodr alternatively: P(A, E | +¢) o P(A)P(+¢) fi(A, +¢, E) and include state-
ment that says renormalization:is°needed to obtain P(A, E | +c).

() (2 pts| Among fi, fa, fasfa, which is the largest factor generated, and how large is it? Assume all variables have
binary domains and measure the size of each factor by the number of rows in the table that would represent
the factor. i

‘ f2(A, +¢, E, F)‘ is the largest factor generated. It has 3 non-instantiated variables,|hence 23 = 8 entries.

7/‘ —

?(AIEIC|DIEIE6)::
I PR LR A
W A,0 L=L-r)
= ?L@ﬁ%-[’@ﬂ,g,é 70@( P
3

ganoin 0
61‘/%/ ) FEl0) - p (Elo) ,g@,g,plcﬂ,)

£ a0t
% .

iinads
/“’h”ﬁ/mg’} &3(—?]&4_*)

% ot Fi
”
o
S _
Z ‘{'B(Pléfléb g’z@ .
A

cb = ”cle (\_p‘ie' C.,Lé
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N £ o, H)
Variable Elimination. Carry out variable elimination inference for P(H|+ f) in the Bayes’ ‘ P{ﬂ’ B’L, D/ E’ s
net N (shown to the right). Eliminate variables in the order prescribed below. All variables e o o @ ) @lﬂ) Pé’ IB A‘) . P @ J Df“) . -j:_l..}L 5
in this question are binary. = PCA) ) .P @Iﬁ . ]D H f - )

Answer format. To write factors made during elimination, include the factor number, argu- a ﬂ °

ments, elimination sum, and joined factors like so: fi (X, +y) = 3. p(z| + y)p(X|2). o 'P [H E, ‘F‘*)
(a) [1 pt] What factors do we start with after incorporating evidence? N P@) p é‘ﬂ‘) ,Pé W) ré P |glﬂ') P[h Ipl' )
p(A),p(B|A), p(C|A), P(D|A), P(E|#, B), P(+f|C), P(G|A, D), P(H|E, +f,G) 2 ’ Cl 2 Al
A = 23V
(b) [1 pt] Eliminate A to make'a new factor f;. = JCF C B, {,’. D/ E,— @
fi(B,C,D,E,G) =%, pla)p(B|a)p(C|a)P(D|a)P(E|a, B)P(G|a, D)

bd) (=16
o)) €=

(c) [1 pt] Eliminate B to make a new factor fs. é }- [gf('l D, E, h) = “,Fb‘tc'lpl
£2(C,D,E,G) =Y, fi(b,C, D, E,G) f

(d) [1 pt}'Eliminate C' to make a new factor fj. f (Ll D/EfGD PG»-F L) ’F} LDI El'
2

f(D, B, +1,6) = T fale, D, E,G)p(+fl¢)

W

(e) [1 pt] Eliminate D to make a new factor fj. @ =l
fa(+Ff, n.ﬁ): 4 fa(d, B, G, +f) 2 :st lp’glgrp;) ?Jﬂt(ﬁ h, 1£+3
p)

(f) [1 pt] Eliminate E to make a new factor fs.

H 94»3 C ‘f>
Js(+£,G,H) = 5, fule, G, +1)p(Hle, +£,G) ) ) £5( 0,
(8) [ pt] EL G to mak factor f, 2'94{5,’4,1&" H“E"&’F >
g) [1 pt] Eliminate G to make a new factor fg. E LH’ ) C 3
fo(+£,H) = 5, fs(+1,9, H) 5 50 H,at*) ~% 2
(h) [1 pt] Briefly explain how to compute p(+h| + f) from the set of factors returned by variable elimination. ] )
Normalize: p(+h| + f) = 75 ~f‘.fjlfli: {ff?]u‘ Ry P( H Lr-f = ’E’a(“ ! §+
i dd——
9
(i) [1 pt] Which factor generated during variable elimination has the largest number of unobserved variables? 2 4:(7 LH" ’P
f1(B,C,D,E,G)
How many table entries are needed to represent it? (Recall all variables are binary.) s R ( BIC‘ | D/E 0) _,,_.9 6? — 30 &HM ff}

«6&&'99'

» Estimate some values by random'humber generation
p _—

Sampling
=+ Random number-generation

» Draw N samples from a known distribution P
+ Generate /N random numbers from a known distribution §

Exact inference: P(X | E') = 0.71828

Estimation
. —_-
« Get exact probability value + Compute an approximate probability P, which approximates the real posterior probability P(X | E)
» Using the inference steps.derived by probabilistic formula - bt

» Need exponential time complexity Te
S s

. . Inference: getting a sample is faster than
Approximate inference: P(X | E) =~ 0.71 computing the right answer (e.g. with

variable elimination)

The Posterior The Prior
The distribution of 6 The distribution of @
after observing the data before observing the data

» Get approximate probability value -
~» Using sampling theorem

» Need only polynomial time complexity, f:ist computation POLX) « P(X(6) - P(6)

The Likelihood
o\ The distribution of the
PR data conditional on 8

Jhw for dake  Sompies  fsom an aﬂhlﬂaﬂ# Given  oliskefuher”

= Step 1: Get:sample u from uniform C P(C)
distribution over [0, 1) red 06 ¥ 0<u<06 —C=red
WO ransicnt] I gyion green 01 4-06<u<0.7,—C=green
= Step 2: Convert this sample u into an blue 0.3 0.7<u<1,— C = blue
outcome for the given distribution by - . |
having each outcome associated with = If random() returns u = 0.83,
a sub-interval of [0,1) with sub-interval then our sample is C = blue -
size equal to probability of the * Eg after sampling 8 times:

outcome fem—

le TBP% Df) (S&mp\mg n gage‘g Nd,’ —— = Prior Sampling

Rejection Sampling -

Likelihood Weighting

-

Gibbs Sampling



P(S|0)

+c | +s5 (0.1

/2 ' 1< \j(‘ -C +s [ 0.5

vz 0k -s [ 0.5

‘Sam{ lﬂ/ ©_% S _ -5
P(W|S, R)
+5 +r +W

-W 0.01
-r +w | 0.90
-W 0.10
-5 +r +w 0.90
-W 0.10
-r +w | 0.01
-W 0.99

We' Il get a bunch of samples from the BN:
+C, -5, +I, +W -«

+C, +5, T, W . €Z
“C, #5, 1, W &

+C, =5, +1, +W s
C, -5, T, +W
If we want to know P(W)

= We have counts <+w:4, -w:1> g

= Normalize to get P(W) = <+w:0.8, -w:0.2>

= This will get closer to the true distribution with more samples
L Can estimate anything else, too -

= What about P(C| +w)? P(C| +r, +w)? P(C| -r, -w)?

= Fast: can use fewer samples if less time (what’s the drawback?)

it

P(C)

=C

0.5

D
@

Samples:

+C, =S, +r, +wW

“w paxx<d
y =03
swunple. & o E

-

Lex v,y X be WU{*““(OJD id RYs

0<u<05 1')5&‘“"'5'@ w= D2
R

e

P(R|C)

+c [ +r | 0.8 2. L4A p<wgo8
-r | 0.2 9 . Dt cwe !
-c | +r | 0.2
_ 0g5
T 08| Sampe@ W=
= [a.:-‘{'-%

-C, +s, -, +W

= Fori=1,2,..,n
= Sample x; from P(X; | Parents(X;))

= Return (X;, X3, ..., X;,)

—

puohis”

N(+a,—b,+c)
Prior Sampling: What does the value ———————

approximate?
pR—

4 P(+a,—b,+c)
B. P(4+c|+a,-b)
C. P(+c|-b)
D. P(+c)

E. Idon’t know

PW m“’"j fon W eXput j/'voﬂ we
QH‘DW MWJ Somples of (Catv-9 u

i

P(C1B)

Il A

look. 1000 Samples

" g

P(B|4)

D hsd)= ) d- 1l
Pt‘f'“f'bf‘b =

f[a ’i[IO’ " = %

o= 450 Sl
an Xyt 2107
e ¢ P al
s s = oo
?("fﬁb/_{’)’ fariars e

_ = )
-y =7 =



Rojeddion  Scumpli
Let’ s say we want P(C)
= No point keeping all samples around /_/_’
= Just tally counts of Cas we go -< = %Vm F(_ﬂ? ZQV,J.M)%

(2 e Jetlow
Let’ s say we want P(C| +s) ol o.o Ré’d‘l‘f ggm()u H\‘if den %’W
W

= Same thing: tally C outcomes, but .
: 4: Ly . ) : 2y demce
ignore (reject) samples which don’ t @
- 1 v
ha\‘.'e.S—+s . . R /"‘ D[EHQ\;QJ'IMS r‘ )
* This is called rejection sampling +C, +5, H, +W B N[U?>
= It is also consistent for conditional <, s, 4, W woabot] = %ﬁ — i
probabilities (i.e., correct in the limit) HC, oS, AL AW Wm - - W (5\” GL"""D

A <, =5, T, W g
Fpun?
= |N: evidence instantiation
" Fori=l,2,...n

PE———
= Sample x, from P(X; | Parents(X;))
-

E.g., estimate P(Rain|Sprinkler = true) using 100 samples

= |f x; pot consistent with evidence 27 samples have Sprinkler = true
= Reject: Return, and no sample is generated in this cycle Of these; 8 have Rain = true and 19 have Rain = false.
& Return (Xq, Xy, -\ Xp) P(Rain{Sprinkler =true) = NORMALIZE((8, 19)) = (0.296, 0.704)

Similar to a basic real-world empirical estimation procedure

Poueht 3 ¢ (=) = M - 55

N
Assume the following Bayes’ net, andﬁ:ﬂipunding dﬁnﬁ over the variables in the Bayes’ net: ﬁcl — 2) Z
OD—O—®  |rlatmd- E

N L’i’a(

G
G

P(A) P(BIA) P(C[B) PDICY
—a | 3/4 —a | —b|2/3 b [ -c[1/4 —c| -d[1/8
+a | 1/4 —a | +b | 1/3 —b [ +c | 3/4 —c | +d | 1/8

+a | —b|4/5 +b | —c[1/2 +c | -d | 5/6
+a | +b [ 1/5 +b | +c[1/2 +c | +d | 1/6

(a) You are given the following samples:

+a +b -c -d ta —-b —c +d
ta —-b +c¢ -d +a +b +c -—d
| a +b +c¢ r.l‘ [ a +b c Hll
I a b +c ll‘ [ a —-b +e "ll

(i) Assume that these samples came from performing Prior Sampling, and calculate the sample estimate
of P(+c).
5/8

(ii) Now we will estimate P(+c | +a, —d). Above, clearly cross out the samples that would not be used
when doing Rejection Sampling for this task, and write down the sample estimate of P(+c| +a, —d)
below.
2/3

@ Assume we are given the following Bayes' net, with the associated conditional probability tables (CPTs)

N

(A
You are given a set of the following samples, but are not told whether they were collected with rejection sampling
() or likelihood weighting.
—a =b +4¢ +d +e
J —a +b +¢ —-d +e
(c¢) (p) —a —-b —¢ -d +e
\'\ o -a =-b +c -d +e
o -a +b +c +d +e
(%)
g : Throughout this problem, you may answer as either numeric expressions (e.g. 0.1#0.5) or numeric values (e.g. 0.05).
PR TFETAT BT CTFETE) g I ¥ y ¥ (e.g ) (eg )
A | P(A) Yoka | +b 0.2 +b | +¢ [X] . R . .
Ya| 05 [+a =6 0.8 T 0.6 (a) [2 pts] Assuming these samples were generated from rejection sampling, what is the sample based estimate of
a| 0.5 a6 0.5 BN [X] P(+b| —a,+e)? N
e 0.5 [=v=¢ 0.2 = N b = 9}5 =0
o Eato
C[ D[ E[PE[CD)
+¢ | +d | +e 0.6 = "
t t { wer: 0.4
B | D [P(D[B) te | +d | —e| 04 Answer: 04
¥b | +d 02 Ve | —d | te 02 ’
+o | —d 08 Yc| —d | —e| 08 | The answer is the number of samples satisfying the query variable’s assignment (in this case, B +b di-
b | +d 0.2 c|4d | te | 04 | vided by the total number of samples, so the answer is 2 / 5 = 0.4
=5 | —d 0.8 —c | +d [ -e| 0.6 |
—c | —d | +e 08
7 S
c| —d| -e] 02 |




QAssumc the following Bayes net, and the corresponding distributions over the variables in the Bayes net:

[ A [P4) [B ] € [PCIB) ]
ta | 1/5 +b [ +c| 1/4
-a | 4/5 +b | —c 3]4 |
G b | +c| 2/5 |
=b | —c 3/5
0 9 (A B[PB4) ]
0 Ya| +b| 1/5 [ B [ B TP(DIB) |
4a | -b| 4/5 $b] +d | 172
—a | +b 172 +b | ~d 1/2
[—a|-b[ 172 ] | =b| +d | 4/5
—b| —d| 1/5

(a) [2 pts] Your task is now to estimate P(+b| — a,¢, —d) using rejection sampling
have been produced by prior sampling (that is, the rejection stage in rejection sampling hasn’t happened yet).

Cross out the samples that would be‘rejected by rejection sampling:
+d -b
+d + b
—d —b

-c
e

—

@ b +e
— b
—b

—a

+ —e —@

—@ +a

+e

-d
"l.l,
—d

. Below are some samples that

(b) [1 pt] Using those samples, what value would you estimate for P(+b| — a, —¢, —d) using rejection sampling? =

Likelihood Weighting

= |dea: fix evidence variables and-sample the
rest -
* Problem: sample distribution not consistent!

= Solution: weight by probability of evidence
given parents

(- .
—_— pyramid,{ blue

v’ +pyramid| blue
<ube,
_/sphere,
= IN: evidence instantiation
" w=10
—
= fori=1,2,.,n
= ifX;is an evidence variable
= X = observation x; for X; &
= Setw=w*P(x | Parents(X;))
= else
= Sample x; from P(X; | Parents(X;))
= return (Xy, Xy, o Xo)s W
= Sampling distribution if z sampled and e fixed évidence
1
— SW'S‘(Z:(;) = [] P(zi|Parents(Z;)) D
i=1 _ .

m '

* Now, samples have weights
~ w(z,e) = [] P(e;|Parents(E;))

/ i=1

T Together, weighted sampling distribution is consistent

— l ™
Sws(z,e) - w(z,e) = H P(z;|Parents(z;)) H P(e;|Parents(e;))
Vg

}

i=1 i=1

= P(z,e)

|
o | |

a it We‘;a b —> somls =
oo S0t ?(alB) =
QW“"\ Wﬂﬂ!@» l[ﬂ—,w,g—%x p (p=UlA-D

jA —/u,a—,ﬂ) AD)

@9?) la
e

Lﬂ:l,

| oo Gl e
0% u“’“} :

L
PLP'"I-E’D7 5 =]
b S0




Assume the following Bayes’ net, and the corresponding distributions over the variables in the I

A)——(5)

) —o)—0) |-

P(A) P(B|A4) P(C|B) P(D|C)
—a [ 3/4 —a | —b|2/3 —b| -ec|1/4 —c| -d|1/8
+a | 1/4 —a | +b | 1/3 b | +c | 3/4 —c | +d | 7/8 +a
+a | —b | 4/5 +b | —c|1/2 +c | —d | 5/6
+a | +b | 1/5 +b | +e [ 1/2 +c | +d | 1/6
You are given the following samplcar—?{ M W‘ﬂ?’
+a +b -c¢ -d +a -b -¢ +d
+a -b +c¢ -—d +a +b +c¢ —d
-a +b +c¢ -d -a +b -¢ +d
-a =-b +¢ -d -4 =% +¢ -d

Using Likelihood Weighting Sampling to estimate P(—a | +b, —d), the following samples were obtained.

Fill in the weight of each sample in the corresponding row. P N

Trop s S P Likebiord - STy

Sample

+b +c -d
+b +c¢ —-d
+b —-c -d
oo -d

From the weighted samples in the previous question, estimate P(—a | +b, —d).

-ser4) = Zhst B

(6 points) The Sound of (Silent) Music

You are an exobiologist, studying the wide range of life in the universe. You are also an avid dancer and have
an excellent model of the way species invent dancing. The key variables are:

QMW
(D)

You want taknow how likely it is for a dancing, sound-sensing species to invent music, according to this
Bayes riet. However, you're a doctor, not a dynamic programmer, and you can’t bear the thought of variable

elimination this late in the exam. So, you decide to do inference via sampling.
P C_. M \ 4

Sound sensing (S): Whether or not a species has the abil-
ity to sense sound

Cold climate (C): Whether or not the native planet of the
species has cold weather

Music (M): Whether or not the species invented music

N bal tion (N): Whether or not the
species has any form of non-verbal communication

You model the relationshipsobetween these variables and
dancing (D) using the Bayes net specified to the right.

You use prior sampling to draw the samples below:

S C M N D
-8 | +e|+m | —n | +d
+s | +e | =-m | —n | —d
+s8 | —-c|-m | +n | -d
~g| +8 | +c | 4+m | -n | +d
—y +8 | e | -m | 4n +d
+s8|—c|-m|4+n | —d
+8|—c|-m|-n|-d
7? +s | +c|+m | +n | +d
+s|+ec|-m | 4n | —d
—-8|-c|-m|-n|-d ";,

\

(a) (2 pt) Based on rejection sampling using the samples above, what is the answer to your query,

P(-m | +d,+s)7 ,)
<4
D led’hw& Wﬁildf\a— PLV‘-"( Sy
1
— 0wl = 2 T Y
" orowon

While your sampling method has worked fairly well in many cases, for rare cases (like species that can’t sense

sound) your results are less accurate as rejection sampling rejects almost all of the data. You decide to use

likelihood weighting instead. The conditional probabilities of the Bayes net are listed below.

C|M|N[D|PD|C,M,N)

+e | +m | +n | +d 0.9

+c|+m | +4n | —d 0.1 S| M [P(M[S)]

+c | +m | —n | +d 0.8 s | +m 08

+e|+m | —n | —d 0.2 +s | -m 0.2 [STTP(S)
+e | -m | +n | +d 038 -8 | +m 0.1 [+s 0.9
+e | =m | 4n | —d 02 —s | -m 0.9 —-s| 01—
+c|-m | -n | +d 0.2

t+e|-m|-n|-d 0.8

—c|+m | +n | +d 0.8

=c|+m | +n | -d 0.2 S N [P(N][S) | C |P(C) |
—c | +m | -n | +d 0.5 +s | +n 0.7 +e| 05
—c|+m | -n|-d 0.5 +s | -n 0.3 -c| 05
—c | =m | 4n | +d 0.6 -8 | +n 0.9

| -m|4n| -d 0.4 —8 | —n 0.1

—|-m|-n|+d 0.1

—c|-m|-n|-d 0.9

You now wish to compute the probability that a species that haé'no sound-sensing (—s) or dancing (—d)
nonetheless has music (+m), using likelihood weighting. Le.,you want P(+m | —s, —d).

(b) (2 pt) You draw the samples below, using likelihood weighting. For each of these samples, indicate its
weight.

D | weight

8| —¢c|-m|+n | —d

Likelihood-weighted sampling sutters from weight (most get small weights
when evidence is deep in the network), leading to high variance and i Gibbs lii
solves this by not using weights at all—it samples directly from the posterior distribution, keeping the

fixed and i

pling only the n which avoids weight collapse.

Detailed explanation

2 Problem with Likelihood-Weighted Sampling (LWS)
LWS works by:
« Fixing the
«+ Sampling all other variables forward in topological order

1o their values

+ Assigning a weight to each sample equal to the likelihood of the evidence given the ancestors
But the issue:
If the evidence variable is deep in the network (many ancestors), the likelihood weight becomes:
« Extremely small for most samples
« Highly concentrated on a few samples
This is called weight degeneracy or weight collapse.
As a result:
« Effective sample size becomes very small
« Variance becomes extremely high
« You need enormous sample counts to get stable estimates
This makes LWS perform poorly when the evidence is low-probability or far down the graph.

A

Gibbs Sampling

Procedure: keep track of a full instantiation x,, x,, ..., x,. Start with an
arbitrary instantiation consistent with the evidence. Sample one variable
at a time, conditioned on all the rest, but keep evidence fixed. Keep
repeating this for a long time.

Property: in the limit of repeating this infinitely many times the resulting
sample is coming from the correct distribution

Rationale: both upstream and downstream variables condition on
evidence.

—_—

In contrast: likelihood weighting only conditions on upstream evidence,
and hence weights obtained in likelihood weighting can sometimes be
very small. Sum of weights over all samples is indicative of how many
“effective” sam ples were obtained, so want high weight.



B2 Why evidence influences downstream variables

“Downstream” = child variables.
Because sampling proceeds forward, once an evidence variable is fixed to some value:

+ its children will be sampled from

P(child | evidence)

So the evidence affects the distribution of all the nodes that come after it.

Evidence influences its d d (d eam)
¢ Because they are conditioned on the evidence in the CPT.

> Why evidence does not influence upstream variables

“Upstream” = parent variables.
In LWS:

+ Parents are sampled before evidence is seen.
+ They are not conditioned on the evidence, because the sampling moves only forward.
+ Instead, the evidence only contributes a weight after parents have already been

sampled.

Thus:

+ The “parent” values that were sampled might be completely inconsistent with the
evidence.

+ They still remain in the sample; only the weight becomes tiny.

This is the root problem of LWS:

samples ir i with evi are not resampled—they are just down-weighted,

often to zero.

Evidence does NOT influence ancestors (upstream)

¢ Because LWS never “goes backwards” to update parents using Bayes' rule.

(b

Gibbs Sampling Example:

P(S | +r)

= Step 1: Fix evidence
" R=+4r o
ol _
W)

= Steps 3: Repeat
= Choose a non-evidence variable X
= Resample X from P( X | all other variables)

(C) (C) () (C)

Sample from P(S|+ ¢,—w,+r)  Sample from P(C|+ s, —w, +7r)

= Sample from P(S | +c, +r, -w)
 ———-

P(S,+c,+r,—w
P(S|+ ¢, +r,—w) = Pt Joutri—w)

P(+c,+r, —w)

__P(S ¢, +r,—w)

T, P(s, e, +r, —w)

_ P(+c)P(S|#FE)P(+r| + ) P(—w|S,4+r) &
N, P(--! ¢)P(s| + ¢)P(+r| + c)P(—w|s, +r) &
__BGFo)P(S|+ c)P(+1lHc)P(~w|S, +7)

o nt(“}r)l’(wh/j)\‘/() Z.\ P(s| + c)P(—w|s, +7) 25
P(8] + c)P(-w|S,+r)

= Randomly

W\ mSﬁLz-

- — wlo
£l > —w|s lg
. PGI+OP(—uls, 1) T w\udlgd

= Many things cancel out — only CPTs with S remain!

= |More generally: only CPTs that have resampled variable need to be considered, and

joined together

= Step 2: Initialize other variables

Sample from P(W|+ s, +¢, +7)



Assume the following Bayes’ net, and the corresponding distributions over the variables in the Bayes’ net:

®

®

P(A) P(B|A) P(C|B) P(D|C)
—a | 3/4 —a | -b|2/3 —b | —e | 1M —c | —d|1/8
+a [ 1/4 —a | +b|1/3 —b | e’ 3/4 —c | +d | 7/8
+a | —b | 4/5 +b0| —c | 1/2 +ec | —d | 5/6
ta | +b 15| [+ [ +c[1/2 +c | +d | 1/6
You are given the following samples: o AW 2
+a +boc —d 4o —b —c +d
+a #b +e —d +a +b +c —d ‘(g
-a +b +c¢ -d —a +b —-c¢ +d M
-a =-b +c¢ -d —-a =b +c -d > mﬂd}m

Which query is better suited for likelihood weighting, P(D |

sentence.

el

or P(A | D)? Justify your answer in one

P(D | A) is better suited for likelihood weighting sampling, because likelihood weighting conditions only

——

on upstream evidence.

Recall that during Gibbs Sampling, samples are generated through an 1t§1\ahve process.

Assume that the only evidence that is available id learlx £ill in the circle(s) of the sequence(s)
below that could have been generated by Gibbs Samplmg

Sequence 1
1: f+dy —b —-c¢ +d
2:)+a\-b -c +d
3:|+a |=b +c +d

Sequence 3

e
1:/ 4a\ -b —-c +d
2:}]| +a |-b —c -—d
3:\| +a/+b —c -—d

o =

A

ﬂence 2

—c  +d
—b -c —d
-a/ =b -c +d

Sequence 4

Gibbs sampling updates one variable at a time and never changes the evidence.

The first and third sequences have at most one variable change per row, and hence could have been
generated from Gibbs sampling. In sequence 2, the evidence variable is changed. In sequence 4, the
second and third samples have both B and D changing.
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Assume you are given the following Bayes’ net and the corresponding distributions over the variables in the Bayes’

net.

@)
(O)—()

P(C[A,B)

+c | +a | +b [ .25

- | +a|+b [.76 P(D;C
P(A) P(B) +c| -a [ +b | .6 +d 5
+a [ 0.1 +b [ .7 < | -a | +b | 4 -d +c 5
-a | 0.9 b |3 +c|+a | -b [ .5 +d| -c | .8

< |+a|-b | .5 4] -c |2

+c|-a|-b|.2 |

< | -a|-b [ BY

(b) [?? pts] Next, assume we observed both A = +a.ahd D +d. What are the weights for the following samples
under likelihood weighting sa.mplmg

a\‘ e
NG

Sample

&N
9°°

Weight

(+a,

—b, +¢,4d)

P(+a) - P(+d| +

) =0.1%0.5= 0057

(+a, =b, —¢, +d)

P(+a) - P(+d

—¢)=0.1%0.8=0.08

(+a,

+b, —c, +d)

P(+a) - P(+d| — ¢) = 0.1 x0.8 = 0.08

(c) [?? pts] Given the samples in the previous question, estimate P(—b| + a,+d).

t(bf4as D)

D-0S-+0 D& _ 3

al

(d) [?7 pts] Assume we need to (approximately) answer two different inference queries for this graph: P(C| + a)
and P(C| + d). You are required to answer one query using likelihood wejghting and one query using Gibbs
sampling. In each case you can only collect a relatively small amount of |samples, so for maximal accuracy
you need to make sure you cleverly assign algorithm to query based on hoy well the algorithm fits the query.
Which query would you answer with each algorithm?

Algorithm

Query

Algorithm

!

Query

Likelihood Weighting

P(C| +a)

Gibbs Sampling

P(C|+d)

Justify your answer:
You should use Gibbs sampling to find the query answer P(C| + d). This is because likelihood weighting only takes
upstream evidence into account when sampling. Therefore, Gibbs, which utilizes both upstream and downstream
evidence, is more suited to the query P(C| + d) which has downstream evidence.




Consider the Bayes Net containing four Boolean random vanables (A, B, C,

~ |- hlg-3s = 2
7 =
D), Si- F['Q)P[('/B) ke
with the following convention: A = True = A = a,and A False = A

Ylc - als =
wa; and similarly for the other variables. The conditional probability tables for Sa — P a) F[Z:“é) - |5

the nodes in the network are also indicated in the figure. The following samples ) 9 M
2 g5 =
were generated []llullj.'h likelihood w [I‘.'Illlll].' .Sg _a_ ? ?( l B as /
o 3%

Sy (ma, =b, C, u!)\ "vtl,j‘: P u’f‘),l,‘n (n@, = b, ~¢, d); , b, ~c, d) - _ _
S| N | R e ¢) > P@-*’(t@ -ole =
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Poled)> —rmen
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Estimate the likelihood weight of cach ss > 8 :reby e ate \5 k

P(b|=a, =c)

5,:0.48,5,: 0 ,:0.48,5,:0.32, P(b|

51:0.48,5,: 0.32, 55:0.48, 5,:0.32, P(b|

;:0.48, 5,:0.32, P(b|

51:0.48,55: 0.32, 55: 0.32, 54: 0.32, P(b|

W



